Northumbria University has developed Northumbria Research Link (NRL) to enable users to access the University's research output. Copyright © and moral rights for items on NRL are retained by the individual author(s) and/or other copyright owners. Single copies of full items can be reproduced, displayed or performed, and given to third parties in any format or medium for personal research or study, educational, or not-for-profit purposes without prior permission or charge, provided the authors, title and full bibliographic details are given, as well as a hyperlink and/or URL to the original metadata page. The content must not be changed in any way. Full items must not be sold commercially in any format or medium without formal permission of the copyright holder. The full policy is available online: http://nrl.northumbria.ac.uk/policies.html This document may differ from the final, published version of the research and has been made available online in accordance with publisher policies. To read and/or cite from the published version of the research, please visit the publisher's website (a subscription may be required.) 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 Vibration and buckling analysis of functionally graded sandwich beams by a new higher-order shear deformation theory 
Vibration and buckling analysis of functionally graded sandwich beams by a new higher-order shear deformation theory
Introduction
Functionally graded materials (FGMs) are composite materials formed of two or more constituent phases with a continuously variable composition. Sandwich structures are widely employed in aerospace and many other industries. These structures become even more attractive due to the introduction of FGMs for the faces and the core. Typically, there are three typical FG beams: isotropic FG beams, sandwich beams with homogeneous core and FG faces, and sandwich beams with FG core and homogeneous faces.
It is known that the behaviours of isotropic and FG sandwich beams can be predicted by classical beam theory (CBT) ( [1] [2] [3] [4] [5] ), first-order shear deformation beam theory (FSBT) ( [6] [7] [8] [9] [10] [11] [12] ) and higher-order shear deformation beam theory (HSBT) ( [1, [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] ) or three-dimensional (3D) elasticity theory ([32-34] and overestimates buckling load and natural frequencies due to ignoring the shear deformation effect.
In order to include this effect, a shear correction factor is required for FSBT but not for HSBT.
However, the efficiency of the HSBT depends on the appropriate choice of displacement field which is an interesting subject attracted many researchers ( [1, 14, 19, 22, [35] [36] [37] [38] [39] [40] [41] ).
The objective of this paper is to present a new higher-order shear deformation theory for buckling and vibration analysis of isotropic and FG sandwich beams. Equations of motion are derived from Lagrange's equations. The FG beam is assumed to have isotropic, two-constituent material distribution through the depth, and Young's modulus is assumed to vary according to power-law form. Analytical solutions are derived for various boundary conditions to investigate the effects of the boundary conditions, power-law index, span-to-depth ratio and skin-core-skin thickness ratios on the critical buckling loads and natural frequencies of the FG beams.
Theoretical formulation

FG sandwich beams
Consider a beam as shown in Fig. 1 with length L and uniform section b × h. The beam is made of a mixture of ceramic and metal isotropic materials whose properties vary smoothly through the depth according to the volume fractions of the constituents. Three different types of the FG beams are considered: isotropic FG beams (type A), sandwich beams with FG faces and homogeneous core (type B), and sandwich beams with FG core and homogeneous faces (type C).
Type A: isotropic FG beams
The beam of type A is graded from metal located at the bottom surface to ceramic material at the top surface (Fig. 1b) . The volume fraction of ceramic material V c is given as follows:
.
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The faces of this type are graded from metal to ceramic and the core is made of isotropic ceramic (Fig. 1c) . The volume fraction function of ceramic phase V (j) c
given by:
c (z) = 1 for z ∈ [h 1 , h 2 ]
2.1.3. Type C: sandwich beams with FG core and homogeneous faces
The core layer of this type is graded from metal to ceramic. The lower face is made of isotropic metal, whereas the upper face is isotropic ceramic (Fig. 1d) . The volume fraction function of ceramic material of the j-th layer V (j) c defined by:
The variation of V c through the beam depth for three types is displayed in Fig. 2 . The material property distribution of FG beam through its depth is given by the power-law form:
where P c and P m are Young's modulus (E), Poisson's ratio (ν), mass density (ρ) of ceramic and metal materials, respectively.
Higher-order shear deformation beam theory
The displacement field of the present theory is given by:
where
and u, θ are the mid-plane axial displacement and rotation, w denotes the mid-plane transverse displacement of the beam, the comma indicates partial differentiation with respect to the coordinate subscript that follows.
The nonzero strains associated with the displacement field in Eq. (5) are:
where g(z) = f ,z ; ǫ 0 xx and κ b xx , κ s xx are the axial strain and curvatures of the beam, respectively. These components are related with the displacements u, w and θ of the beam as follows:
The strains and stresses are related by:
is shear modulus at location z.
Variational formulation
In order to derive the equations of motion, Lagrangian functional is used:
where U , V and K denote the strain energy, work done, and kinetic energy, respectively.
The strain energy of the beam is calculated by:
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The kinetic energy is obtained as:
where the differentiation with respect to the time t is denoted by dot-superscript convention; ρ is the mass density of each layer and I 0 , I 1 , I 2 , J 1 , J 2 , K 2 are the inertia coefficients defined by:
By substituting Eqs. (11), (14) and (15) into Eq. (10), Lagrangian functional is explicitly expressed as:
In order to derive the equations of motion, the displacement field is approximated as the following forms:
where ω is the frequency of free vibration of the beam,
denotes the values to be determined, ψ j (x) and ϕ j (x) are the shape functions. By substituting Eq.
(18) into Eq. (17), and using Lagrange's equations:
with q j representing the values of (u j , w j , θ j ), that leads to: where the components of the stiffness matrix K and the mass matrix M are given as follows:
The solution of Eq. (20) will allow to calculate the critical buckling loads (N cr ) and natural frequencies of isotropic and FG sandwich beams.
Analytical solutions
To derive analytical solutions, the shape functions ψ(x) and ϕ(x) are chosen for various boundary conditions (S-S: simply supported, C-C: clamped-clamped, and C-F: clamped-free beams) as follows:
In order to impose the various boundary conditions, the method of Lagrange multipliers can be used so that the Lagrangian functional of the problem is rewritten as follows:
where β i are the Lagrange multipliers which are the support reactions of the problem,û i (x) denote the values of prescribed displacement at locationx = 0, L. By using Lagrange's equations (Eq. (19)), a new characteristic problem for buckling and free vibration analysis is obtained as follows:
where the components of matrix K 14 , K 24 and K 34 depend on number of boundary conditions and associated prescribed displacements (Table 1 ). For C-C beams, these stiffness components are given by:
Numerical results and discussion
In this section, a number of numerical examples are analyzed in order to verify the accuracy of present study and investigate the critical buckling loads and natural frequencies of isotropic and Table 1 . For simplicity, the non-dimensional natural frequencies and critical buckling loads are defined as:ω
In order to verify the convergence of the present polynomial series solution, Table 2 presents the fundamental frequency and critical buckling loads for three boundary conditions of FG beams (type A). The solutions are calculated for the power-law index (p=1) and span-to-depth ratio (L/h=5). It can be seen that the solutions of S-S and C-F boundary conditions converge more quickly than C-C one. The number of terms m=14 is sufficient to obtain an accurate solution and thus, this number is used throughout the numerical examples.
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In the following case, the first five natural frequencies of a cantilever sandwich beam, which is made up of two steel (Fe) faces and Aluminum/Zirconia (Al/ZrO 2 ) core, are calculated. The material
and Fe (E f = 210GPa, ν f = 0.3, ρ f = 7860kg/m 3 ). The face and core thicknesses are 3 and 14 mm, whereas the length and cross-section are 200 mm and 20 mm×20 mm. The results are given in Table   6 along with those of Mashat et al.
[26] using the CUF (TE1 zz and E4-4 2 ) and Bui et al.
[42] using meshfree method. The natural frequencies computed in present theory agree well with the reference solutions.
In order to validate of the present theory further, the natural frequencies and critical buckling loads 
Conclusions
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